Concepts of Mathematics

October 19, 2005

Lecture 10
Corollary 1. Let z = r(cos@ + isinf). Then for any positive integer n,
2" =7r"(cosnb + isinnb).

Proof. For positive n it is easy to apply the De Moivre’s rule. Note that

z 1
P g —(cosf —isinf) =r* (cos(—@) + isin(—@)) =ri(cosb +isinb,),
2Z T
where 1 = r~! and §; = —6. Then for positive integer n,

27" =r{(cosnb) +isinnb,) =r" (Cos(—ne) + isin(—n9)> :

Definition 2. For any angle 6 the complex number cos @ + isin 6 is denoted by €%, i.e.,

0

e =cosf +isind.

Recall the trigonometric functions cos# and sin 6 are defined by

x ) Y
cos) = —, sinf = =.
r r

where 22 + y? = 2.

Theorem 3.
€i91 €i92 — €i(91+02)-

Example 1. Computer (—1 + 1/34)%.
Let « = —1+2i. Then o = 2 (cos & + isin ZF). Thus
40 40 4 4
o?? = 2% <cos Tﬂ + ¢sin 37T> = 2% <cos g + ¢sin ;) =219(—1 - V3i).

Example 2. Deriving trigonometric formulas. Consider (cos® + isin)3 = cos 360 + isin36. Let
a =cosf, b=sinf. Then

(a+bi)3 = (a®— b+ 2abi)(a+ bi)
= (a® —b*)a — 2ab* + (2a%b + a®b — b*)i
= a®— 3ab® + (3a%b — b*)i.



Thus
c0s30 = cos® ) — 3cosfsin® 0 = 4 cos® 6 — 3cos .

Similarly,
sin 360 = 3 cos® Osinf — sin® O = 3sinf — 4sin® 6.

Proposition 4. (a) If z = re', then z = re™.

(b) Let z1 = r1" and zy = r9€™2. Then 2z = 2o if, and only if, 11 = ro and 6 = Oy + 2k for
some k € 7.

Proof. (a) is obvious. (b) If 21 = z9, then r1 =19, and 1 = 21 /29 = et01-92)  Hence 0, — 05 = 2kn
for some k € Z. The other part is obvious. O

1 Roots of unity

Definition 5. For any positive integer n, let w = 62%; the nth roots of unity are the complex

numbers

Lw,w?, ... w L

They are evenly distributed on the unit circle.

Example 3. Forn =2, 1,—1; for n =4, 1,4,—1, —i; for n = 3,

Theorem 6. For any nth root of unity w = et with n > 2,
l+w+w +- +uw" ' =0.
Proof. Since w™ =1 and 1 — w # 0, then
(1-w) (1 +w+-+uw" ) =1-w"=0.
Hence 1 4+ w + - - - +w™ ! must be zero. O
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2 Cubic Equations
The general cubic equation may be written as
3 2 _
x° +azx” +br+c=0. (1)

Let = 2 — %. Then 2% = (y — a/3)* = y® — ay? + (a*/3)y — a®/27, y* = 2? — (2a/3)y + a?/9.
Substitute z = y — a/3 into (1); the equation becomes the form

y> + 3hy +k =0, (2)
Let y =u + v. Then

y® = u 4+ 03+ 3uv + 3uv? = ud + 03 + 3uv(u +v) = ud + 0P 4 3uwy.



This means that the equation of the form y? — 3uvy — (u® +v3) = 0 readily has a solution y = u+v.
So we set
h=—w, k=—(u®+v°).

Since v = —h/u, then v3 = —h3/u3. Thus k = —(u® — h3/u?) becomes
w4+ ku® — b3 =0,
which is a quadratic equation in u3. Then u? as

B —k+ VEk? 4+ 4h3
- 5 ,

Thus

k —k? 4+ 4h3

3 3
= k-l =
v U 9

Therefore we obtain a solution

3| —k+VEk*+4h? s/ —k — Vk? + 4h3
y=u+v= + 5 .

2
. _ A 2 3 . L2 3
There are three cubic roots for u? = w and also three cubic roots for v3 = w.

So theoretically there are nine possible values to be the solutions; but there are only three solutions,
some of them are the same.
Let u be a cubic root of =kEvki+ah? ”2"’2“‘4’13, and let w = €2™/3. Then the other two cubic roots are
uw, uw?. Therefore the solutions for (2) are given by
h hw? 5  hw
u— —, Uw — ——, uw” — —.
u U u
Example 4. Consider the equation
z® —3r+2=0.

Since h = —1, k = 2, we have

3 —k+VE2+4R3

u 5 —
So we have u = —1, thus the three solutions are given by
h
U— — = —2,
U
h 2
uw — = W = —(l+w+uw?) =1,
U
h
uwQ——w:—wz—wzl.

We may also solve the problem directly by the factorization (z — 1)(x — 1)(x + 2) = 0.

Example 5. Consider the equation
z® — 61 — 6 =0.

We have h = —2 and k = —6. Thus

s —k+VEZLAR

4.
2

u

3



So u = v/4. Thus
u

2

£o = W — h% _ (21/3 + 22/3)w + (2—1/3 + 2_2/3)_1w2,
h

T3 = uw? — nwo_ (2—1/3 n 2*2/3)*%1 4 (21/3 i 22/3)w2.
u

3 Fundamental Theorem of Algebra

Theorem 7. Every polynomial equation of degree at leat 1 has a root in C.

Theorem 8. FEvery polynomial of degree n factories as a product of linear polynomials, and has
exactly n roots (counted with multiplicity) in C.

Proposition 9. Let oy, ..., a, the roots of the equation

" 4+ ap 12"+ agr +ag = 0.

Then
st=a1t+ag+ -+ ap = —ap-1
Sg = E Q0 = Gp_2,
i<j

53 = Z Qi = Gp -3,
1<j<k
Sp = arag -y = (—1)"ap.
Example 6. Find a cubic equation with roots 2 4+ ¢, 2 — ¢, and 3.

sit=ar+as+az="1,

S2 = aa + ajas + g = 17,
83 = 1 a(X3 = 15.
(z—3)(z? —dx+5) =23 - 722+ 17 — 15 =0.

Example 7. Let a and 8 be roots of equation 22 — 5z + 9 = 0. Find a quadratic equation with
roots o and 2.
The quadratic equation is of the form

22— (o + )z + 26 = 0.

Since a + 3 = 5 and aff = 9, we have 52 = (a + 3)2 = a® + 32 + 223 = o® + %2 + 18. Then
a?+ 32 =17, o?p% =81. Thus
2?2 — Tz 481 =0.



